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Using a precursor superconductivity scenario for the cuprates we present a theory for the temperature
dependent behavior of the spectral gaps associated with four distinct spectroscopies: angle-resolved photoemis-
sion, differential conductance dI /dV, quasiparticle interference spectroscopy, and the autocorrelated ARPES
pattern. We find reasonable agreement for a range of existing experiments and make predictions for others. Our
theory, which incorporates the necessary �observed� contrast between the nodal and antinodal response, shows
how different nodal gap shapes are associated with these alternative spectroscopies.
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A central focus in current studies of high-temperature su-
perconductivity is on establishing the origin of the
pseudogap. The various theoretical scenarios that have been
put forth can be broadly categorized into two schools of
thought that either relate the pseudogap to superconductivity
through precursor pairing or ascribe its origin to a competing
form of order.1 Important constraints for these scenarios have
been provided by recent scanning tunneling microscopy
�STM� �Refs. 2–4� and angle-resolved photoemission spec-
troscopy �ARPES� �Refs. 5 and 6� experiments, which have
reported pronounced differences in the behavior of the spec-
tral gap along the nodal and antinodal directions, and a de-
viation of the superconducting gap below Tc from the sym-
metry of a monotonic d-wave function �with the exception of
the moderately underdoped cuprates at very low tempera-
tures�. Whether these observations, about which there is not
full consensus,7 are sufficient to rule out one of the above
theoretical proposals for the origin of the pseudogap, as has
been claimed,5,6 is currently unclear. The situation has been
further complicated by an ongoing controversy about
whether8–10 or not11 these various experimental probes yield
the same spectral gap.

In this Rapid Communication, we address these issues by
studying four different spectroscopic techniques using a
single theoretical framework: the spectral function and the
autocorrelated joint density of states �JDOS� derived from
ARPES experiments, as well as the differential conductance,
dI /dV, and quasiparticle interference spectroscopy, obtained
from STM experiments. For each technique, we follow the
experimental protocols to deduce the angular dependence of
the associated spectral gap. Our theoretical framework is mo-
tivated by the idea that the anomalously short coherence
length of the cuprate superconductors and the concomitant
stronger-than-BCS attractive interactions can lead to pre-
formed pairs above Tc as the origin of the pseudogap.12 The
results of our study are twofold. First, we demonstrate that
the robust and salient features of STM and ARPES experi-
ments above and below Tc can be consistently explained
within a preformed pair scenario. In particular, we show that
the superconducting gap deviates from the pure dx2−y2 form,
i.e., �cos kx−cos ky�, in the moderately underdoped cuprates.
This deviation only occurs as the pseudogap state is ap-
proached near but below Tc, in agreement with experiment.6

In the heavily underdoped cuprates, we show how this de-
viation occurs for all temperatures13 below Tc. Moreover, we
find that these ubiquitous deviations in gap shape are tied to
the Fermi arcs14 observed above Tc, which is consistent with
recent experimental STM-based claims.4 Second, we demon-
strate that the superconducting gaps extracted from these
different spectroscopies are only in good quantitative agree-
ment in those parts of the phase diagram where the spectro-
scopic gap follows a �cos kx−cos ky� form. However, when
the gap deviates from this form, the four spectroscopies can
yield widely different results, particularly in the nodal re-
gion. These findings provide important insight into the ques-
tion of consistency between different spectroscopic probes in
the cuprate superconductors.

In the theoretical BCS-BEC crossover scenario consid-
ered here, the pseudogap arises from preformed pairs in the
normal state, which become noncondensed pair excitations
of the condensate below Tc. This scenario is consistent with
the emerging physical picture4–6 that pseudogap effects per-
sist below Tc, which differentiates our model12,15 from other
approaches considering precursor pairing.1 For the moder-
ately underdoped systems, there are indications6 that the
ground-state gap has conventional dx2−y2 symmetry, which
we presume here. As previously discussed,12,15 the con-
densed and noncondensed �or preformed� pairs yield two dis-
tinct contributions to the fermionic self-energy, given by
��K�=�sc�K�+�pg�K� with

�sc�K� =
�sc

2 �k�
� + �k − �

; �pg�K� =
�pg

2 �k�
� + �k − � + i�

. �1�

Here K is a four vector, and we define �2�k ,T�
��sc

2 �k ,T�+�pg
2 �k ,T�. The momentum dependence for both

�sc and �pg is given by the same pure dx2−y2-wave form
�cos kx−cos ky�. The condensed pairs have the usual BCS
self-energy contribution, �sc, while the self-energy of the
noncondensed pairs �pg is similar except for an overall
broadening factor �. This form for �pg has been widely ac-
cepted in the cuprate community, in particular, for the normal
state.16

The above framework provides a simple explanation for
the different temperature dependencies of the nodal and an-
tinodal spectral gap observed experimentally. Above Tc, the
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finite lifetime associated with the preformed pairs leads to a
blurring of the d-wave gap near the nodes and thus to the
formation of Fermi arcs.17 At the antinodes, this effect of � is
inconsequential since the normal-state gap is large there.
When the system passes below Tc the nodal region should be
thought of as analogous to an ordinary BCS superconductor
which has a gapless normal state and is, thus, profoundly
sensitive to the onset of coherent order �via �sc�. The antin-
odal region, with its well developed normal-state gap is, by
contrast, rather insensitive to Tc.

We next turn to a discussion of the four different
spectroscopic techniques mentioned above. In ARPES
experiments, one measures the electronic spectral function
A�k ,��=− 1

� Im G�k ,��, where G�k ,�� contains the self-
energy corrections of Eq. �1�. The JDOS, which has also
been addressed by alternative theories,18 is given by

J�q,�� 	� d2kA�k + q,��A�k,�� . �2�

On the other hand, in STM experiments, one measures the
differential conductance dI /dV, which is given by

dI

dV
�V� 	 −� d�f��� − V�� d2k

�2��2A�k,�� �3�

Here f���� is the derivative of the Fermi distribution
function. Finally, the STM-based quasiparticle interference
�QPI� spectroscopy investigates changes in the local density
of states �LDOS� arising from impurity scattering.11,19,20 A
variety of different theoretical approaches using
d-density-wave21–23 and other pseudogap scenarios18,21,22

have been used to address the Fourier transform of the cor-
rection to the LDOS �i.e., the QPI intensity� which, to first
order, is given by


n�q,�� 	 − Im�� d2k

�2��2 �G�k,��G�k + q,��

− Fsc�k,��Fsc�k + q,��

− Fpg�k,��Fpg�k + q,���� �4�

where Fsc�k ,���−�sc,kG�k ,�� / ��+�k� and Fpg�k ,��
�−�pg,kG�k ,�� / ��+�k+ i��. It is important to note that
J�q ,�� and 
n�q ,�� are two distinct physical quantities and
thus not directly related, since the former is a convolution of
Im G only, while the latter contains both the real and imagi-
nary parts of G and F.

The deduction of the associated spectral gaps proceeds as
follows. In ARPES experiments, we determine a spectral gap
from the peak to peak separation of the symmetrized spectral
function.24 The approach of extracting a gap from the differ-
ential conductance is outlined in Ref. 4, where the dI /dV
curve is fitted with a sum of BCS-like gaps � j with weights
Wj,

dI

dV
�V� 	� d�f��� + V��

j

Re
� − i�

��� − i��2 − � j
2
Wj . �5�

The parameter � is used to fit the differential conductance at
zero bias. Once the weights are obtained, they implicitly de-
fine the angular dependence of the gap, ���, from the in-
version of ��=� j�	�i=1

j Wi.
The extraction of the spectral gaps both from J�q ,�� and


n�q ,�� assumes the validity of the octet model.2 This
model is based on the observation that, since the spectral
function A�k ,�� is peaked at the tips of the contours of con-
stant energy �, the convolution of two spectral functions in
J�q ,�� should exhibit peaks at those momenta qi that con-
nect the tips. The resulting dependence of qi on energy,
qi��=����, can then be inverted to obtain the momentum
�or angular� dependence of the gap. While 
n�q ,�� is not a
convolution of two spectral functions, it has been suggested
that a similar argument still holds. We anticipate that since
the octet model is derived from considerations of J�q ,��, its
related inversion procedure will yield a spectral gap closer to
a pure d-wave form. In our extraction of the spectral gaps,
we use the octet vectors q1 and q5, and q3 and q7. Each pair
of vectors yields a different angle function ��� and we
require for consistency that the two angular functions differ
by no more than 5%.

We start by discussing the spectral gaps in the moderately
underdoped cuprates. In the first �second� column of Fig. 1,
we present contour plots of 
n�q ,���J�q ,��� at
�=−10 meV. From top to bottom, the rows correspond to
temperatures T=0.1,0.9, and 1.1Tc. For T=0.1Tc all octet
vectors can be identified in the contour plots. As the tempera-
ture is increased and noncondensed pairs �with nonvanishing
�� replace the coherent superconducting pairs, the intensity
of the peaks rapidly reduces in both spectroscopies. The in-
tensity of the octet vectors eventually vanishes above Tc,
signaling the breakdown of the superconducting state. There
is a key distinction between the gaps deduced from 
n�q ,��
and J�q ,��. The analysis of 
n�q ,�� �Ref. 25� shows an
extinction point �the energy above which the octet vectors
are no longer consistent� that scales with the order parameter,
�sc, and thus terminates at Tc. It should be noted that this
result appears to differ with some recent experiments on
heavily underdoped cuprates2,3 associating the QPI extinc-
tion with the antiferromagnetic zone boundary and finding
an, albeit greatly reduced, QPI signal above Tc. This latter,
controversial,26 point does not appear21 to apply to the mod-
erately underdoped cuprates. In contrast, the octet vectors in
J�q ,�� are more robust and persist to energies comparable to
the total gap �	0.8��. A small trace of the J�q ,�� octet
vectors is found above Tc, but the peaks are substantially
broadened and the octet inversion is problematic, as is con-
sistent with some experimental claims.9

In Fig. 2�a� we plot the differential conductance at three
different temperatures �T=0.1,0.5, and 0.9Tc� in the moder-
ately underdoped system. At the lowest temperature
T=0.1Tc, the behavior is characteristic of a simple
dx2−y2-wave gap. As the number of noncondensed pairs in-
crease with increasing temperature, the coherence peaks in
the dI /dV curves broaden. The red arrow denotes a slight
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kink in the shape of the dI /dV spectrum which appears near
Tc. The inset plots the temperature dependence of the super-
conducting gap, �sc, which vanishes at Tc, and total gap �,
which persists up to T�. A collection of the extracted gaps for
T=0.1Tc in Fig. 2�b� shows that they are in good quantitative
agreement over a wide range of angle . However, the gaps
obtained from 
n�q ,�� and J�q ,�� exhibit different extinc-

tion energies near 35 and 45 meV, respectively. In contrast,
for T=0.9Tc, the agreement between the various gaps breaks
down, primarily in the nodal region, as shown in Fig. 2�c�.
Except for J�q ,��, all gaps show a suppression in the nodal
region associated with the diminishing �sc, with the largest
suppression found in the gap extracted from the dI /dV fit.
This behavior is associated with the low energy part of the
dI /dV curve, where the slope, for V	−3 to 3 meV is larger
than elsewhere, resulting in a smaller gap.

We note that the discrepancies between these four spectral
gaps are correlated with the deviation of the gap from a pure
dx2−y2 form. These gap deviations at high temperatures below
Tc are not unexpected in view of the second-order phase
transition and the presence of Fermi arcs above Tc.

14 Indeed,
this smooth evolution with decreasing T of the ARPES spec-
tral gap from a Fermi arc shape first to a distorted d wave
�near Tc� and then to a simple d-wave ground state has been
reported6,14 for moderately underdoped cuprates. At a micro-
scopic level, these deviations from a simple d wave are as-
sociated with the relatively small size of �sc /�.

In developing a model for the strongly underdoped
cuprates, we were guided two experimental observations at
T�Tc: �i� the dI /dV and ARPES—derived nodal gaps show
a strong suppression,4,6 and �ii� the differential conductances
exhibit inflection points �kinks�.4 The results suggest that
both observations can be explained within our theoretical
scenario if one assumes that even in the limit T→0, an ap-
preciable fraction of noncondensed pairs is present, perhaps
due to a contamination from the insulating phase. A sche-
matic temperature dependence of the total gap, � and the
order parameter �sc is shown in the lower left inset of Fig.
3�a�. For concreteness, we take �sc�0� /�pg�0�=0.5; the de-
tails of the temperature evolution of the gaps are outlined in
Ref. 15. The resulting differential conductance for three dif-
ferent temperatures �T=0.1,0.5, and 0.9Tc� is shown in Fig.
3�a�. The lower right inset plots the frequency dependence of
dI /dV over a wider range.

In Fig. 3�b�, we present the spectral gaps extracted from
the four spectroscopic techniques for T=0.1Tc. We again ob-
serve that the deviation of the gap from a pure dx2−y2-form
coincides with significant discrepancies between these four
spectral gaps. The nodal region, shown in the main figure
emphasizes the clear similarity between the gaps extracted

FIG. 1. �Color online� Each column shows 
n�q ,���J�q ,��� for
�=−10 meV and temperatures T=0.1,0.9, and 1.1Tc. At low tem-
peratures, 
n shows well-defined octet peaks. With increasing tem-
perature the octet peaks are broadened and vanish into the back-
ground for T�Tc. The wave vector q is in units of the inverse
lattice constant.

FIG. 2. �Color online� Analysis of the moderately underdoped case. The excitation gap � and order parameter �sc are equivalent at
T=0. �a� The differential conductance at T=0.1,0.5, and 0.9Tc. The arrow identifies a slight “kink” or inflection point in the conductance.
The inset shows the temperature dependencies of � and �sc, where the shaded area indicates the size of �pg that contributes to the full gap.
�b� The four spectroscopic gaps extracted at T=0.1Tc. �c� Nodal region of the extracted gaps at T=0.9Tc, where various spectroscopies yield
differently shaped gaps. The inset shows the full range of the gaps.
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from the low-temperature heavily underdoped model

Fig. 3�b�� and those near Tc in the moderately underdoped
samples 
Fig. 2�c��. In both cases, the deviation of the gap
from a pure dx2−y2 form arises from the finite lifetime, �−1,
�which need not be T-dependent� associated with the non-
condensed pairs. Our deduced gap shapes are in qualitative
agreement with the experimental results of Refs. 2–6. Recent
work,7 by contrast, has reported that the counterpart ground
state is always a simple d wave. The gaps over the full range
of angles are shown in the inset. Finally, in Fig. 3�c� we
present the evolution of dI /dV with doping, which was ex-
perimentally investigated in Ref. 4 �see inset�. Here, we hold
the T=0 superconducting gap �sc constant while the zero-
temperature pseudogap �pg is taken to increase as the doping
is decreased, thereby leading to an increased total gap � with
underdoping, as experimentally observed. In accord with
experiment,4 there is universal behavior near V=0 associated
with the superconducting contribution while the spectra for
the lowest �highest� doping departs from the universal curve
at the smallest �highest� .

Past work in the literature8–10 generally builds on the
premise that there is universality in the spectral gap measure-

ments. In Ref. 27 good agreement was reported between

n�q ,�� and J�q ,�� �albeit in a case where there are no
deviations from the pure d-wave gap shape�. In Ref. 8 it was
presumed that coherence established in ARPES experiments
near the antinodes would reflect on the extinction point
found in QPI, and that such extinction was difficult to under-
stand unless one invoked specific impurity models. By con-
trast, in this Rapid Communication we have addressed four
different spectroscopic probes in one theoretical framework
and shown how disparate are the results, except in the limit-
ing case of low T moderately underdoped cuprates. This
Rapid Communication has argued for a smooth evolution of
the spectral gaps with doping x and temperature T which is
shown to be compatible with the observed behavior in the
heavily underdoped cuprates; this obviates the necessity to
invoke a quantum critical point or competing order.
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FIG. 3. �Color online� Analysis of the heavily underdoped case. �a� The differential conductance at temperatures T=0.1,0.5, and 0.9Tc.
The arrows indicate kinks in the gap. The lower left inset is the full range of the differential conductances. The centered inset shows the
temperature dependences of � and �sc in the heavily underdoped model. �b� Extracted gaps in the heavily underdoped model at T=0.1Tc.
Different spectral gaps are labeled identically as those in Fig. 2�b�. �c� Differential conductances at three different dopings, with inset
showing the counterpart data �Ref. 4�. The dashed curve is a d-wave fit to the nodal regime.
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